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Abstract. In the last couple of decades, independence relations have 
become one of the central parts of model theory. Areas such as clas- 
sification theory, stability theory and simplicity theory use the notion 
of "forking independence" defined by Shelah as a main tool for their 
development. However, as powerful and useful as forking-independence 
is, it lacks generality. O-minimal structures give an example of a whole 
class of structures for which forking independence does not work. This, 
we believe, is the main cause why even though the results in o-minimal 
theory seem very similar to those in the theory of strongly minimal sets 
(strongly minimal sets are in some ways the smallest structures for which 
forking defines an independence relation) the proofs of analogous results 
have been very different in both areas. 

We begin by developing a new notion of independence (p-independence, 
read "thorn'-independence) that arises from a family of ranks suggested 
by Scanlon (b-ranks). We prove that in a large class of theories (it in- 
cludes simple theories and o-minimal theories) this notion has many of 
the properties needed for an adequate geometric structure. 

Finally, we analyze the behavior of b-forking in some theories where 
an independence relation had already been studied by other authors. We 
prove that p-independence agrees with the usual independence notions in 
stable, supersimple and o-minimal theories. Furthermore, we give some 
evidence that the equivalence between forking and b-forking in simple 
theories might be closely related to one of the main open conjectures in 
simplicity theory, the stable forking conjecture. In particular, we prove 
that in any simple theory where the stable forking conjecture holds, 
p-independence and forking independence agree. 



1. Introduction 

1.1. Overview. In the last decades independence notions have become one 
of the central ideas in model theory. Especially in the last three decades 
independence notions and ranks have been the key factor first in Shelah's 
classification theory and later in understanding the geometry in the models 
of theories such as stable, o-minimal and in the last decade simple theo- 
ries. However, even when many of the results on the topology of o-minimal 
theories were similar to some of those in geometric stability theory, they 
were developed almost independently from each other mainly because of the 
difference between the definitions of the respective independence notions. 
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In sections 2 through 4 we develop a new notion of independence (p- 
independence -read "thorn" independence-) and a rank that is associated to 
this independence notion (p-rank). We prove that in a large class of theo- 
ries which we shall call "rosy" this notion defines a geometric independence 
relation. This class of theories includes simple and o-minimal theories. It 
also includes theories for which there was no previously known independence 
relation; for example models of the theory defined by Casanovas and Wagner 
in |(^Wn2j 1 are rosy. 

In section 5 we study the relation between the classical independence 
notions which we had in simple and o-minimal theories and b-independence. 
We prove that p-independence agrees with the classical independence notion 
in o-minimal, stable and all known cases of simple theories. This provides 
a unified approach in two areas where, until now, the methods and proofs 
have been different (even though, as mentioned above, they did go in the 
same general direction and similar results were obtained). It also gives an 
alternative (and, in our point of view simplified) definition of forking in stable 
theories which might give further insight in stability theory. 

1.2. Notation and Conventions. We assume the reader is familiar with 
the terminology and the basic results of model theory and, more specifically, 
stability and simplicity theory. 

As it is common in stability theory, given a complete theory T we will fix 
a universe C called a "monster" model of T: we choose some saturated model 
C of cardinality K and assume all sets, types and models we talk about have 
cardinality less than k and live inside C. In particular, by models of T we 
mean an elementary submodel of C. Any automorphism will be understood 
to be a C-automorphism. Following (H_o_dQ_3j ■ an equivalence formula of C is 
a formula 4>(x, y) in the language of T that defines an equivalence relation in 
C. Unless otherwise specified, we will work inside C eq in the sense of [She90j. 
By convention lower case letters o, b, c, d will in general represent tuples (of 
imaginaries) and upper case letters will represent sets. Greek letters such as 
5, a, ip, <f) will be used for formulas. 

2. I>-FORKING 

2.1. Definitions. We will start by defining the notions that we will work 
with throughout this paper. 

Definition 2.1. A formula S(x,a) strongly divides over A if tp(a/A) is 
non-algebraic and {6(x, a')} a '\=tp(a/A) ^ k -inconsistent for some k G N. 

We will say that 6(x, a) p-divides over A if we can find some tuple c such 
that 5(x, a) strongly divides over Ac. 

Finally, a formula p-forks over A if it implies a (finite) disjunction of 
formulae which p-divide over A. 

1 In this paper, Casanovas and Wagner construct a theory which is not simple and 
provides the first example of a theory without the strict order property which does not 
eliminate hyperimaginaries 
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Remark 2.1.1. Suppose a formula S(x, a) strongly divides over some set C ; 
letp(x,C) := tp(a/C). By definition there is some k G N such that 
{5(x, a')}a'|=tp(a/c) * s k -inconsistent. 

Another way of saying this is that for all x±, X2, ■ ■ ■ , x^ 

p(xi,C)Up(x 2 ,C)U---Up(x fc ,C) |=-. ^/\0(x,Oi)^ . 

By compactness, there is some formula 9(y,c) € tp(a/C) such that 
{5(x, a')} a i\ = Q( y ^ is k -inconsistent. 

We will say the type p(x) p-divides over A if there is a formula in p(x) 
which p-divides over A; similarly for p-forking. We say that a is p-independent 
of b over A, denoted a A\J^b, if tp(a/Ab) does not b-fork over A. 

Note that even though b-dividing and dividing have similar definitions, 
the fact that we ask for fc-incosnsitency for a set of formulas for which the 
parameters vary in a definable class as opposed to an indiscernible sequence 
is a significant modification. In particular, as we will prove later, many 
theories with the strict order property will behave nicely under this new 
definition. 

2.1.1. First Results. 

Lemma 2.1.2. Let A,B,C be subsets (of ' C) such that A C B C C and let 
a, b be tuples. Then 

(1) Extension: Given a type p over B which does not p-fork over A, we 
can extend p to a type q over C which does not p-fork over A. 

(2) Monotonicity: // a formula S(x,b) p-forks over B, then it p-forks 
over A. 

(3) Partial right transitivity: Iftp(a/C) does not p-fork (divide) over A 
then tp(a/C) does not p-fork (divide) over B andtp(a/B) does not 
p-fork (divide) over A. 

(4) If b X-^A a andtp(a/A) is non-algebraic, then tp{a/Ab) is not alge- 
braic. 

(5) If b an d tp(b/A) is non-algebraic, then tp(b/Aa) is not alge- 
braic. 

(6) Ifp(x,b) is a type over Ab which does not p-fork over A and 6(x,y) 
is a formula such that p(x,b) \= 3y6(x,y). Then p(x,b) U {9(x,y)} 
does not strongly divide over A. 

(7) Base Extension: // a c, then for any tuple d there is some d' \= 

tp{d/Ac) such that a ^ Ad , c. 

Proof. . 

1) Let T(x) := {ip(x)\ip(x) £ C(x) and -np(x) b-divides over A}. As in the 
proof of extension for forking, we first need to prove that the type p(x)L)T(x) 
is consistent. Suppose this was not the case. By compactness there would 
be a finite subset ipi(x), . . . ip n (x) in T(x) such that p(x) \= V" =1 -i^(x). 
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By definition p(x) would b-fork over A. Let q' be a complete extension of 
p(x) ur(i) to some set containing C, and let q be the restriction of q' to C. 
By definition q does not b-fork over A. 

2) In the definition of b-dividing we are allowed to add parameters to get 
strong division, so if any formula b-divides over an extension of A then it 
b-divides over A. The result for b-forking follows. 

3) The first implication follows from monotonicity and the other follows from 
the fact that we are considering fewer formulas. 

4) Let p(x, b) = tp(a/Ab). Assuming p(x, b) does not strongly divide and us- 
ing non-algebraicity oitp(b/A), we can find distinct realizations b±, 62, ■ ■ ■ , b n , . 
of tp(b/A) such that \JiP(x, bi) is consistent, realized by some a' . However, as 
tp{b\/A) = tp(b/A) we can assume a'b\ = ab. However, p(x, b) is a complete 
type, so bi \= tp(b/Aa) showing that tp(b/Aa) is non algebraic. 

5) We will prove the contrapositive of the statement. Let tp(b/Aa) be al- 
gebraic and let b = 61,62,- ■ -b n be all the elements that satisfy tp(b/Aa). 
Then 

tp(b/Aa) \= (x = 61) V (x = 6 2 ) V ■ ■ ■ V (x = &„). 

If tp(b/A) is non-algebraic, then x = hi strongly divides (and therefore b- 
divides) over A for all i < n; by definition tp(b/Aa) b-forks over A and 
b.l\a. 

6) Let us suppose there is some 5(x,b) 6 p(x,b) such that 5(x, b) A 9(x,y) 
strongly divides over A and suppose 5(x,b) A 3y6(x,y) does not strongly 
divide over A. By definition (and compactness) there are some distinct 
61, . . . , b n , . . . such that bi \= tp(b/A) and AigN ^») ^ 3?/6>(x, y) is con- 
sistent, satisfied by some element a. Let c |= 6(a,y). Then (a,c) |= 
S(x,bi) A 9(x,y) for all i, contradicting our assumptions. 

7) By extension we can find some a' \= tp(a/Ac) such that a' J^^cd. Let 
d' be the image of an automorphism which sends a' to a fixing Ac, so that 
a cd! . By partial right transitivity, a J^ d , c. □ 

Remark 2.1.3. Condition 5 above does not hold for p-dividing in place of 
p-forking, even in the theory in the language of equality that states that there 
are infinitely many elements. In fact, if A is the unordered pair {a, 6} where 
a < b, then tp(a/A) is algebraic, but x £ A does not p-divide over the empty 
set. 

Proof. We will prove the remark by contradiction. Let B be any set such that 
tp(A/B) is non-algebraic and x G A strongly divides over B. If tp(a/Bb) was 
non-algebraic, then {x G ^4'} J 4'|=tp(A/B),66A' would be an infinite consistent 
set of formulas which would contradict strong division. This means that 
6 G acl(.Ba); by symmetry, a £ acl(Bb). In this particular theory we may 
assume that B is a subset of M (as opposed to M cq ) 2 . But tp(A/B) is 
non-algebraic, so tp(b/B) and tp(a/B) must be both be non-algebraic. By 

2 This is because the theory of equality has "elimination of imaginaries", a property we 
will talk about further on 



PROPERTIES AND CONSEQUENCES OF THORN-INDEPENDENCE 5 

Steinitz exchange principle (see for example |Pil96j . definition 2.1.1), there 
must be some element in B algebraic over a. However, acl(a) = {a}, so 
a € B which contradicts a being non-algebraic over B. □ 

This shows that, unlike the case of simple theories, even when we are only 
considering the language of equality there is a difference between b-dividing 
and b-forking. 

The following results go in the same direction as the ones above (showing 
properties that p-forking has in a general theory), but the proofs are a little 
more elaborated. 

Theorem 2.1.4. Given a tuple a and sets A C B, then tp(a/B) p-forks 
over A if and only if tp(a / 'acl(B)) p-forks over A. In other words, a J^-B 
if and only if a acl(B). 

Proof. Monotonicity implies that whenever tp{a/B) p-forks over A, tp(a/acl(B)) 
p-forks over A. For the other direction, suppose ip(x,c) £ tp(a/acl(B)) is 
such that ij){x,c) p-forks over A. Let 4>i(x,di) be such that 

ip(x, c) 4>i(x, <ii) V 4>{x, da) V • • • V (f>(x, d m ) 

and for any i, cfti(x,di) b-divides over A. Let c%, . . . , c n be the conjugates 
of c over B and for < j < n let Oj be some .B-automorphism such that 
o-j(c) = Cj. This means that tp(a/B) \= V™ =1 , 0(^, Cj) and for any such j 
ipj(x,Cj) V™ i4>i(x, aj(di)). Combining this two, we get 

n m 

tp{a/B) h \/ ' \/ ' MwM)) 
j=n=i 

and by definition tp(a/B) b-forks over A. □ 

We can also prove without any assumptions on the theory a version of 
partial left transitivity: 

Lemma 2.1.5. Partial Left Transitivity: If a J^^ c and b c then ab c. 
Proof. We begin with a claim. 

Claim 2.1.6. It is enough to show that tp{ab/Ac) does not p-divide over A. 

Proof. Suppose a J^^ c, b c an d o-b JC\ C - Choose 4>(x, y, c) G tp(ab/Ac) 
which implies V/i<n ^i{ x i Vi c «)> w here each ^ p-divides over A. Put c := (ci : 
i < n). By extension we can find some a' \= tp(a/Ac) such that a' cc. Let 
62 be the image of b under an automorphism fixing Ac which sends a to a', 
so that tp(ab/Ac) = tp(a'b2/Ac) and 62 J^ a / c - By extension again we can 
also find some b' \= tpfo/Aa'c) such that b' J^ a , cc. So we have tuple a'b' 
satisfying the hypothesis of the theorem. However, cp(x, y, c) € tp(a'b' / Ac) 
and 4>(x,y,c) =^ V tpi(x , y , Cj) , so ipi(x,y,Ci) £ tp(a'b' /Acc) for some i < n, 
and tp(a'b' /Acc) b-divides over A. □ 
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Let us suppose then that tp{ab/Ac) \= 4>(x,y,c) which b-divides over 
A strongly dividing, say, over Ad. By base extension, we can find some 
d' \= tp(d/Ac) such that a ^\ d , c, so we will assume a X^c. By definition 
of strong dividing we know that {(ft(x, y, z)} z ^= t p(c/Ad) is /c-inconsistent and 
tp{c/Ad) is non algebraic; by 12.1. 2f 4) so is tp{cj Ada). This means that 

{<t>( a ,y, Z )}z\=tp(c/Ada) 

is still fc-inconsistent and tp(c/Ada) is non-algebraic. By definition tp(b/Aac) 
strongly divides over Aad which means it b-divides over Aa, a contradiction. 

□ 

As in simple theories, this new notion of bifurcation does have some rela- 
tion with independent sequences which will be stated in the following lemma. 
However, unlike in simple theories this relation does not seem to be funda- 
mental for the development of the theory, perhaps because the main function 
of indiscernible sequences in simple theories is to provide some uniformity 
when witnessing division; such uniformity is provided by the definability of 
the parameters in the the definition of p-dividing. 

Lemma 2.1.7. Let a,b be elements and A a set. Letp(x,b) = tp{a/Ab). 
Then the following conditions are equivalent: 

(1) tp(a/Ab) does not p-divide over A 

(2) For any B ^> A such that b is not algebraic over B, there is some 
tuple a' \= tp(a/Ab) and some infinite B a' -indiscernible sequence I 
containing b. 

Proof. (<^=) We will proceed by contradiction. Assume tp(a/Ab) b-divides 
over A. By definition we have a B with b ^ acl(B) and a <5, such that |= 
S (a, b) and {5 (x, b')}^^^^^) is ^-inconsistent. Let / be any S-indiscernible 
sequence. Since the underlying set of I is a subset of {b' \ b' \= tp (b/B)}, we 
have that {5 (x, b')}y&i is /c-inconsistent. Let a' \= tp(a/Ab), a' \= 5(x,b). 
By ^-inconsistency we have Y 1 6 (a', b') for all but finite b' € / which implies 
that I is not Ba! indiscernible. 

(=^>) Let A,b, a be such that tp(a/Ab) does not b-divide over A. If b is 
algebraic over A, condition 2 in the lemma holds immediately so there is 
nothing to prove. We will assume then that b is not algebraic over A. 

Let B be any set containing A with b ^ acl(B) and let q (y) = tp(b/B) . 
We know that for any 5(x,b) 6 tp(a/Ab) the set {5 (x, ' s no ^ 

^-inconsistent for any k. By compactness 

(J q{Vi) U {p(x,yi) :i£uj} 

is consistent, and realized by a', I, say. For any finite set A of formulas 
we can find by Ramsey's theorem some infinite Ia. Q I such that /a is 
A-indiscernible over Ba' . By compactness we can find a i?a'-indiscernible 
sequence J such that a'b' \= p{x,y) U q(y) for any b' € J. If a is a B- 
automorphism with a(b') = b then a(a'),a(J) will do. □ 
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2.2. Existence. Given some independence relation, we say that such a re- 
lation satisfies existence if for any tuple a and any set A, a is independent 
with A over A. This is a very useful property for simple theories. Until this 
point we have studied the behavior of b-forking in the most general context. 
In this section we will only consider theories for which b-forking satisfies 
existence: given a tuple a and a set A, tp(a/A) does not p-fork over A. 

As we mentioned before, unlike in simple theories there is a difference 
between b-forking and b-dividing. As we shall see in most of the proofs, 
we can usually work around this problem since extension provides a way to 
reduce most of the proofs down to b-dividing. It would be nice however to 
have some idea of the relation between the parameters that we need for p- 
forking and those that are used in the corresponding p-dividing formulas, so 
we can tell how much do we have to extend a b-forking type before achieving 
b-division. The next lemma gives a partial answer to this question. 

Lemma 2.2.1. If S(x,a) is consistent and p-forks over A, as witnessed by 
a disjunction VT=i ^( x -> a 'i) implied by S(x,a), such that ipi(x,a,i) strongly 
divides over Aci, then a\ is algebraic over Aac where c = (cj : % < n). 
Even more, for at least one i, aj is algebraic over Aaci. (We are assuming 
that there are no "extra" ifii's: i.e. that 5(x,a) =£» \/j £l ip(x,ai-) for any 
JC {1,2,..., n} J 

Proof. Let b be any element such that b (= 5(x,a). By existence and defini- 
tion of b-forking we can extend tp(b/Aa) to tp(b/Aaa~ic) so that b OjC. 
In particular, by partial transitivity b . a« 

We know that b \= ipi(x,a,i) for some i\ for any a[ \= tp(cii/Abaci) we 
have C \= ip(b, a'A and a[ \= tpifli/Aci). By the definition of strong dividing 
there cannot be infinitely many such a'^s (b would witness the consistency). 
Thus tp(ai/Abci) must be algebraic and therefore so is tp(ai / Abaci) . But we 
know that b Oj, so by lemma I2".1.2f 4) this means that tp(a>i/AaCi) is 

algebraic. 

To finish the proof, we just have to be careful when extending tp{b/Aa) to 
Aaai; let S(x, a, en) be 8(x, a)A-iifii(x, ai) so 5(x, a, aj) implies the disjunction 
\fj^iipj(x,aj). Since ^-inconsistency is preserved, either there is some aj 
algebraic over Acii or 5(x, a, Oj) b-forks over Aai in which case we can repeat 
the process and get some Oj algebraic over Aa, L Cj. Either way we get aj 
algebraic over AaiCj for some j. However, aj is algebraic over Aci so aj is 
algebraic over AciCj. □ 

Theorem 2.2.2. Letp(x,b) be a type over Ab which is non-p-forking over 
A and let 6(x,y) be a formula such that p(x,b) (= 3y6(x,y). Then p(x,b) U 
{9(x,y)} does not p-fork over A. 

Proof. Suppose that it does p-fork over A so that p(x,b) U {6(x,y)} \= 
VT=i ^i( x i 2/> a i) where ipi(x, y, fflj) p-divides over A by strongly dividing over 
Aa. 
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By hypothesis p(x, b) does not b-fork over A, so using extension we can 
choose some a \= p(x, b) such that a ba~iC~i which implies by partial tran- 
sitivity that a A\y Ac . a-i- On the other hand, using existence and extension we 
can choose some c |= 9(a, y) such that c A\, A frdjCj. Using partial transitivity 
again we get cAJ^ai. 

We know that (o, c) |= p(x, b) U 6{(x, y)} so (a, c) (= y, ay) for some 
j. By definition, dj is algebraic over Aaccj. However, using lemma 12.1.21 
with c J^^ ac a-j we get that dj is algebraic over Aacj. Using l2~TT2*l one more 
time will give us a,j algebraic over Acj , contradicting the definition of strong 
dividing. 

□ 

Definition 2.2. A notion of independence A\° has the strong extension 
property if whenever a X° A b then for any c there is there is d \= tp(c/Aa) 
with ad b, or equivalently, for any c there is b' \= tp(b/Aa) with ac J^° A b' . 

Corollary 2.2.3. p-independence has the strong extension property. 

Proof. It is enough to prove that if p(x, b) is a non forking extension of p \ A 
and q(x, y) is a consistent type over A containing p \ A then p(x, b) U q(x, y) 
does not b-fork over A. This follows from theorem I2.2.2| as consistency of 
(p \ A) U q implies consistency of p U q. □ 

Definition 2.3. A sequence of elements is a p-Morley sequence over A if it 
is indiscernible and p-independent over A. 

Claim 2.2.4. Let p(x) be a complete type over B D A which does not p-fork 
over A. Then there is a p-Morley sequence over A with all of its elements 
realizing p(x) . 

The claim is true for any independent notion that has extension. The 
proof is exactly the same as the one given in the simple theoretic context 
(see |WagOO|). We will prove later that in the theories that will actually 
interest us, p-Morley sequences will provide an alternative definition of p- 
forking. 

3. p-Rank and Rosy Theories 

3.1. Definition of b-rank. We will now define a notion of rank that will 
code b-forking. 

Definition 3.1. Given a formula 4>, a set A of formulas in the variables x; y, 
a set of formulae U in the variables y;z (with z possibly of infinite length) 
and a number k, we define p(4>, A, IT, k) inductively as follows: 

(1) p(<f>, A, II, k) > if 4> is consistent. 

(2) For A limit ordinal, p(4>, A, H,k) > X if and only if p((f), A, U,k) > a 
for all a < A 
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(3) p{4>, A, II, k) > a + 1 if and only if there is ad £ A, some Tr(y; z) Eli 
and parameters c such that 

(a) p(4> A 5 (x, a) , A, II, k) > a for infinitely many a \= ir{y\ c) 

(b) {5 (x, a)} a ^ 7r ( y . c ) is k— inconsistent 

As usual, for a type p, we define 

t)(p,A,n,fc) =min{ b(0(x),A,n,fc) | (x) € p} . 

Remark 3.1.1. We can give a definition directly for types, changing all 
instances of (f) for some type p which is the case we will usually use. However, 
when dealing with types, we will use an alternative version of condition 3(a). 
Let p be a complete type over A and let us assume that we are witnessing 
the rank going up as in condition 3, with c being a tuple containing all the 
parameters in it. We can always find some non-algebraic complete type q(y) 
over Ac containing it such that for any a' \= q{y), p(4> A 5 (x, a') , A, II, k) > 
a. Therefore, we can change condition 3(a) by 

3(a)'. p(pU {5(x,a)},A,H,k) > a where a \= it and tp(a/Ac) is non- 
algebraic. 

Remark 3.1.2. Given any type p(x\y) (not necessarily complete), formulas 
(p, tt and integers k, n, the set 

{b\p(p(x,b),(f>,iT,k) > n} 

is type definable. 

This has nice consequences for the structure of the p-rank. For exam- 
ple, compactness implies that p(p U {5(x, a)}, A, II, k) is finite whenever it is 
defined. 

Proof. Notice that 

\)(p(x,b),(f),TT,k) > n 

is witnessed by a tree where each of the nodes is a formula </>(x,a), its 
height is n, for each i < n there is some q such that the level i contains 
all <b{ x, o)a\=n{x,ci) i the union any k of such formulas (all in the same level) 
is inconsistent and the union of any branch is consistent with p. All theses 
properties can be described by formulas, and we get type definability. □ 

3.2. Properties of the p-rank. 

Theorem 3.2.1. This thorn rank has the following properties: 

(1) Monotonicity: // A C A', p D p', and II C II' then 

P(p',A',W,k) > p(p,A,U,k). 

(2) Transitivity: // p C q C r, then p(r, A, II, k) = p{p,A,Yi,k) if and 
only if p(r,A,U,k) = p(q,A,U,k) and p(q,A,U,k)= p(p,A,U,k). 

(3) Additivity: p((9 V ip) ,A, II, k) = max { p (8, A, II, k) , P (ip, A, II, k)} 
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Proof. . 

1 ) We will prove by induction on A that if A < b (p, A, II, k) then b(p', A',H',k) > 
A. For A = 0, the proof is clear, as is the induction step for the case 
when A is a limit ordinal. Now, suppose it is true for A = a and let us 
assume that b(p, A, II, k) > a + 1. Let tp be any formula in p'; by hy- 
pothesis ift £ p so \>(t/j, A, LT, k) > a + 1. We can therefore find a € A 
and a formula ir in LT such that p^ A </> (x, a) , A, IT, fc) > a for infinitely 
many a \= tt and {</> (x, a)} a | =7r is k -inconsistent. By induction hypothesis 
\>{ift A (ft (x, a) , A', IT', fc) > a. But ip £ p' , (ft £ A' and 7r e IT' so actually 
witnesses b(V', A', IT', k) > a + 1 for all ^ G p' . 

2) By monotonicity, b(r, A, LT, k) < b(g,A, LT, k) < b(r, A, LT, k) >; transi- 
tivity follows from transitivity for equality. 

3) By monotonicity we have 

b((0VV),A,n,&) >max{ b(0,A,n,fc), b(V>,A,n,A;)}. 

For the other direction we will prove by induction on a that if 

b((0 V^),A,n,fc) > a 

then either b(0, A, LT, k) > a or b(V>,A,LT, k) > a. Once again, the only 
difficult step is the induction step. Let us assume it is true for a and that 
p((# V tfi), A, LT, k) > a + 1. We can then find a <5 G A and a formula ir € LT 
such that 

b ((# V V) A 5 (x, Oj) , A, IT, fe) > a 
for infinitely many o« |= 7r and {(f) (x, aj)} a .^ 7r is /c-inconsistent. By induc- 
tion, for any such dj either ^(^ A <5 (x, a^) , A, LT, k) > a or b(V> A 5 (x, a{) , A, LT, k) > 
a; but then for one of ip or 6 (let us assume 9) we have infinitely many a^s such 
that b(6» A 5 (x, m) , A, LT, k) >a and by definition b(0, A, LT, k) > a + 1. □ 

Corollary 3.2.2. Extension for fixed A and IT: 

For any partial type £ defined over a set A, finite sets of formulas A and IT 
and any k, we can extend £ to a complete type p over A such that p(p, A, LT, k) = 
P(Z,A,IL,k). 

Proof. It is just the usual application of additivity, the definition of p-rank 
for types and Zorn's lemma as it is used in simple theories (see [Kim96j). □ 

One of the properties that we will prove here is that p-independence and 
p-ranks are related in the same way that forking and the D-ranks are. The 
next theorem is one of the directions of the relation we will prove. 

Theorem 3.2.3. Let p be a type over B 5 A such that for every (ft, LT, k, 

P(p\ A, ( ft,U,k)=P(p,^,U,k) 3 . 

Then p does not p-fork over A. 



3 By J) (p, (j>, LT, k) we really mean \> (p, {$}, LT, k). 
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Proof. Suppose p p-forks over A. So 

P\=\J <t>i (x, h) 

where each <pi p-divides over A. By definition there is some 9i(y,z), an 
element ck and some finite ki such that {4>(x, tfi)}u.\=0i(y,di) 1S ^-inconsistent 
and tp(bi/Adi) is a non-algebraic type containing 6(y,di). We can always 
take the maximum of the fcj's and assume they are all equal. 

Now, as in the proof for simple theories (see |Kim9 6jL we construct a 
formula 

ip (a;, 2/1,.. -,y n ,z) := \J {(pi (x,yi) A y { = z) 

i<n 

which uniformizes the (pi in the following sense: if y = (y±, . . . , y n , w) then for 
any i < n, w = yi implies ip (x,y) -4=^ (pi(x,yi) . On the other hand, if we 
define a new formula 6[ (y, z) := {w = yi} U 9i (yi, z) we have that for any tu- 
ple b = (bi, 62, . . . , b n , l), and for any d, b \= 0'i(y, d) if and only if hi \= 9i(y, d) 
and I = hi. Thus, if we define q := . . . ,b n , bi) we get p \= Vi <n ip (x, q) 
and {ip (x, Ci)} c .^Qi.( y ,d) is ^-inconsistent. By additivity we can add at least 
one of the (pi's without changing the rank, so we can extend p to some type 
q over Bc\ . . . c n such that \>(p, -0, {0[, ■ ■ ■ 9' n }, k)=\)(q, Tp, {9[, . . . 9' n }, k) and 
q implies one of the (pi (x, bi) and thus one of the tp (x, Cj) . Whichever one 
it is (we can assume it is the first one without loss of generality), we know 
that {ip (x, t)} t \-Q> ( y >b \ is ^-inconsistent and tp(b/Ad) is a non-algebraic type 
containing 9[(y,d). By definition of b-rank 

b (p r A, *p, {9[, . . . 9' n }, k) > b (q, 0, {9[,. . . 9' n }, k) + 1 

and therefore 

b(p,^,{0i,..X},&) <b(p \A,tp,{9[,...9' n },k), 

a contradiction. □ 

Corollary 3.2.4. If for any finite A, II all the p-ranks are defined, then we 
have existence (and all the results of subsection^. 

Proof. Let p(x) be a type over A. Then p \ A = p and for any finite set of 
formulas A, LT and any finite k, 

b( P \ A,(p,u,k) =b( P ,0,n,fc). 

The theorem implies that p(x) does not n-fork over A. □ 

4. Rosy Theories 

As the corollary above suggests, there is a lot to say about theories that 
have ordinal- valued b-ranks even if we limit ourselves to finite formulas and 
types in the definition. Doing this has the extra advantage that, if we limit 
ourselves to finite A and LT, definability of b-rank and compactness give us 
that a b-rank is defined if and only if it is finite. 
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Prom now on, we will study the class of theories such that b(p, A, IT, k) 
is finite for any type p(x) in the language of the theory, any finite sets of 
formulas A and II and any finite number k. We will call any such theory 
"rosy" 4 . We will prove that in any rosy theory b-forking has a lot of the 
geometric properties we want for an independence notion. All theories in 
this section are assumed to be rosy. 



4.1. Geometry of p-independence in Rosy theories. 

Theorem 4.1.1. Symmetry: For any two elements a,b and any set A, 
a X P A b if and only if b ± P A a. 

Proof. Let us suppose a b and let us assume that |= (5(6, a) where S(x, a) 
b-forks over A. Let 5(x,a) \f ipi(x,Ci) where each ipi(x, Cj) strongly divides 
over Adi. By compactness we can prove the ^-inconsistency using some 
formula 7Tj with parameters in Adi. 

We define a sequence {a?, d> , <#} N in the following way. Let a = a, 

c° = Ci and d° = d{. Assuming we have defined the sequence up to j = n, 
let a n+1 \= tp(a/Ab) be such that 

a n+1 1 ba 1 ^ 1 dl . . . a n Ci n di n 

A 

(we know such a n+1 exists by extension) and let c™ +1 and be the images 
of Ci and di under an automorphism that sends a to a n+1 . 

Once we have such a sequence, by right partial transitivity and mono- 
tonicity (|2,1,2|) we have that for all n > m, 

Ad™a m + 1 ...a n - 1 

Using induction and left partial transitivity (|2,1,5|) n — m times we get 

a m+1 a m+2 ...a n i cf 

Ad™ 

so in particular it cannot strongly divide. But tp{c™ /Ad™) is non-algebraic 

so 

tp{cT/d™a m+l a m+2 ...a n ) 

is non-algebraic for any n > m; by local character of b-forking and compact- 
ness 

tp(c™/d™a m+l a m+2 ...) 

would also be non-algebraic. By definition, ipi(x, c") strongly divides over 
Ad?a n+1 ... and ^(x, cf) b-divides over Aa n+1 a n+2 .... 



4 Rosy theories include simple and o-minimal theories but, as mentioned in the intro- 
duction, there are other rosy theories which do not fall into either of this categories. 
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Now, since a n Cj n |= tp(ac~i/A), a n \= tp(a/Ab) we have that for all n 

and b \= 5{x,a n ). This implies 5(x,a n ) € tp{b / Aa n a n+l a n+2 . . . ) b-forks 
over 

Aa n+1 a n+2 .... By the proof of the previous theorem we know that this is 
witnessed by 

p (tp (b/Aa n a n+1 a n+2 . . . ) , $,0, k) < b (tp (b/Aa n+1 a n+2 . . .) ,ip,6,k) 

where 9 is the one mentioned at the end of the proof of theorem 13.2.31 and 
tp depends only on the ipi (so 9 and ipi are the same for all n). This means 
that \>{tp{b I Aa l a? 'a? . . .),ip,6, k) is infinite contradicting rosiness. □ 

If we combine this result with those above, we get an analogue for most of 
the geometric properties of forking independence for simple theories (see fWagOO 
2.3.13). We will use the same names. 

Corollary 4.1.2. p-independence defines an independence relation -in the 
sense described in |KP97| in any rosy theory. More precisely, if we are 
working inside a theory T of finite p-ranks, then the following properties 
hold for types in models ofT. 

(1) Existence: If p E S{A), then p does not p-fork over A. 

(2) Extension: Every partial type over B D A which does not p-fork over 
A can be extended to a complete type p{x) over B which does not 
p-fork over A. 

(3) Reflexivity: B X-^ A B if and only if B C acl(A). 

(4) Monotonicity: If p and q are types with p ^ q and p does not p-fork 
over A, then q does not p-fork over A. 

(5) Finite Character: C B if and only ifcA^^.B for any finite c C C . 

(6) Symmetry: C ±^B if and only if B ^ C. 

(7) Transitivity: If A C B C C then b \J A C if and only ifb^B and 




(8) // a J_,^ b and for some formula 6(x, y) 5 {x, a) p-forks over A, then 
5 (x,a) p-forks over Ab. 

(9) Let Ac B. If a B then a J_,^ acl(B). 

Proof. Properties 1,2,3,4,6,7,8 and 10 have already been proven or follow 
immediately as a corollary of symmetry. 5. is clear from the definitions. 

To prove 9. we will first show that if S(x, a) b-divides over A, then 
it b-divides over Ab. Take B D A such that {6 (x, oOla'htpW 6 ) ' s ^~ 
inconsistent and tp(a/B) is non-algebraic. By base extension, we can find 
some B' \= tp(B/Aa) such that a J^, b; note that 5(x,a) strongly divides 
over B' so tp(a/B') is non-algebraic. Bv l2.1.2l to (a/B'b) is not algebraic and 
{5 (x, o')la'|=tp(a/_B'fe) 1S s * m ^-inconsistent. By definition 5(x,a) b-divides 
over Ab. 
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Suppose now that 5 (x, a) b-forks over A and 5 (x, a) => V $i ( x ; a i) where 
each formula <j>i(x, a,) b-divides over A. By extension we can assume a^a \/ A b 
which implies <2j J^&- But we just proved that 4>i(x,ai) p-divides over Ab 
and thus 5(x,a) b-forks over Ab. 

□ 

As we mentioned before, in any rosy theory b-forking is witnessed by the 
b-ranks in the same way that forking was witnessed by the D-ranks. We 
already proved one of the implications in 18 .2 .8 J the following theorem will 
prove the other one. 

Theorem 4.1.3. Let p be a type over B D A such that p does not p-fork 
over A. Then for all (/), 9, k p(p \ A, (j), 9, k)=p(p, 0, 9, k) . 

Proof. Since whenever A and II are finite b(p, A, II, k) is finite for any 
type p and any k, it is enough to prove that for any natural number m, 
b(p \ A, (j>, 9,k) > m implies b(p, (ft, 9, k) > m. The case m = is clear by 
the consistency of p. Suppose then that we have it for m = n and that 
\>{p \ A,(j>,6,k) > n + 1. By definition we can find some b and some tuple c 
such that b(p \ A U {c/> (x, b)}, 0, 9, k) > n, b \= 9(y,c), {(j) (x, &')}{/ ^%, c ) is 
k -inconsistent and tp (b/Ac) is non-algebraic. 

By lri.2.11 we can extend p \ A U {4> (x, b)} to a type q (x, b) over Ab such 
that 

\>(q{x,b) ,4>,9,k) > n. 

Now, if a \= p and a' \= q, we have an automorphism that fixes A and 
sends a to a', p to some type p' over B' which does not p-fork over A and 
c to some d which still witnesses the n-division of <j>(x,b). Since (p and 9 
have no parameters they are fixed under automorphisms so it is enough to 
show that p(p', 4>i 9, k) > n + 1. We may therefore assume without loss of 
generality that p = p', a = a' and thus a satisfies both q and p. By extension 
we can extend tp(b/Aa) to a type over Ba which does not p-fork over Aa; 
let b' be some realization of such extension. Let a be some automorphism 
that sends b to b' , fixes fixing Aa and sends c to c'. 

We may assume b' = b and b^^B. By hypothesis, aj^^i? and by 
transitivity, tp(ba/B) does not b-fork over A. This implies that tp(a/Bb) 
does not p-fork over Ab (by transitivity) and tp (B/baA) does not b-fork over 
A by symmetry of b-forking. From this last result, using transitivity again, 
we get that B & and B ^^ b a. By symmetry b ^\B and tp(a/Bb) := 
qs{x,b) does not b-fork over Ab. But tp(a/Ab) is q{x,b) so by induction 
hypothesis 

b (tp (a/Bb) , (j), 9, k) = b (q (x, b) , 4>, 9, k) > n. 

Since b B, we know we can find some d \= tp(c/Ab) such that b J^ c , B, 
\= 9(b,d) and {(p(x,y)}^=e(y,c') is ^-inconsistent. These are the only things 
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we need c for so we will assume b B- By hypothesis tp(b/Ac) is non- 
algebraic so by lemma 12". 1 .21 neither is tp(b/Bc) . 

Now, for any b' \= tp(b/Bc) we have \>{qB (x, b') , 4>, 9, k) > n, cf)(x,b') £ 
qB(x,b') and {<j> (x, b'tyy^gry^ is fc-inconsistent. Therefore, 

b (q B (x, b') ,4>,9,k) >n 
which by monotonicity of the b-ranks implies 

l)(p(x)U{(f>(x,b')},<P,6,k) >n. 
By monotonicity and definition of the b-ranks, 

\>{p,(/),9,k) >n+l 

□ 

4.1.1. p-forking and p-Morley sequences. Throughout the development of 
stability and simplicity theory Morley sequences have been used for char- 
acterizing forking in both stability and simplicity theory. In rosy theories we 
can partially recover such characterization 5 . 

Remark 4.1.4. Once we have transitivity and symmetry, any p-Morley se- 
quence < a,i >i£i has the property that for any i £ /, tp(ai/A U {aj}j^jj^i) 
does not p-fork over A. 

Proof. The proof given for Morley sequences in simple theories is a straight- 
forward application of symmetry, transitivity and local character. □ 

Theorem 4.1.5. // there is a p-Morley sequence over A with a = a® such 
that f\i 5 (x, at) is consistent, then 5 (x, a) does not p-fork over A. 

Proof. Let (aj) igN be a b-Morley sequence over A with clq = a and let 
f\ i 5{x,ai) be consistent, realized by an element so let b. Suppose that 
tp(b/Aao) b-forks over A. By the previous theorem we know that this is 
witnessed by 

b (tp (b/Aao) ,i>,9,k)< b (tp (b/A) , ip, 9, k) 

where tp and 9 are formulas which only depend on the formulas that witness 
the b-forking of S(x, a) 6 (see the proof of theorem I3.2.3J1 . 

Using an automorphism we get that tp (b/Aa n ) b-forks over A. However, 

°n+l OOi • • • > a n 
A 

so by corollarv l4.1.2l we know that 5 (x, a n+ \) actually b-forks over Aa^ai ... a, 
and it implies a similar disjunction of formulas which b-divide. By the proof 

^Partially in the sense that unlike the simple case, it is not true that if we take any p- 
Morley sequence the conjunction of the resulting formulas would necessarily be consistent 
-o-minimal theories can witness the failure of this remark- 

6 By this we mean that tp and 8 depend only on the formulas which S(x, a) implies and 
p-divide over A and on the formulas needed to prove the fc-inconsistency of such formulas. 
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of theorem l3.2.31 not only do we know that tp (b/Aa^ai . . . a n+ \) is a p-forking 
extension of tp (b/Aaoa\ . . . a n ) but we also know that for all n, 

b (tp (b/Aa ai . . . a n+1 ) ,ip,9,k) < b (tp (b/Aa ai ...a n ),ip, 9, k) 

which is impossible since \)(tp (b/Aa^ai . . . a n+ \ . . .) ,tp,6,k) is finite. □ 

Theorem 4.1.6. Suppose 5(x,a) does not p-fork over A. Then there is a 
p-Morley sequence I over A, a$ E / such that /\ a . eI 5 (x,di) is consistent. 

Proof. By extension, if 5 (x,a) does not b-fork over A, we can find some b 
realizing 5(x,a) such that tp(b/Aa) does not b-fork over A. By symmetry, 
tp (a/Ab) does not b-fork over A. We can then construct a b-Morley sequence 
I =< ai > over A where ao = a and for all i, a, L \= tp(a/Ab). Such b witnesses 
the consistency of 

f\ 5 (x,ai) . 

□ 

4.1.2. Superrosy theories and The U^-rank. As with simple theories in some 
cases we can define a global rank, the U^-rank, which will share many of the 
properties that the U-rank has. It will also help us analyze (in chapter 3) 
the relation between b-forking and usual forking in supersimple theories. 

Definition 4.1. We define the U^-rank inductively as follows. Let p(x) be 
a type over some set A. Then, 

(1) U p (p(x)) > ifp(x) is consistent. 

(2) For any ordinal a, U^(p(x)) > a + 1 if there is some tuple a and 
some type q(x,a) over Aa such that q(x,a) D p(x), U' > (q(x,a)) > a 
and q(x, a) p-forks over A. 

(3) For any A limit ordinal, p(x) > A if and only if p(x) > a for all 
a < A. 

Remark 4.1.7. Using extension to get from p-forking to p-dividing, one can 
easily verify that we can replace condition (2) by the following statement: 

(2') For any ordinal a, U^(p(x)) > a + 1 if there is some p(x,a) D 
p(x) and some c such that 

• U 1 '(p(x,a)) > a. 

• tp(a/Ac) is non-algebraic. 

• {p(x, oOla'^tj^a/Ac) * s k -inconsistent for some k. 

Definition 4.2. A theory T is superrosy if given any set A in a model ofT 
and a type p(x) G S(A), U^(p(x)) is defined. 

Equivalently, a theory is superrosy if there are no infinite forking chains 
of types. 

In the case of supersimple theories (theories where the SU-rank of any 
type is defined), one of the most used properties is that this rank satisfies 
Lascar's inequalities. With the properties we have proved for p-forking, the 
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proof of the Lascar's inequalities for simple theories (see |WagOO|) works in 
our context. 

Theorem 4.1.8. Lascar's Inequalities: Whenever the U p -rank is defined, it 
satisfies the following inequality: 

U p (tp(a/bA)) + U p (tp(b/A)) < U p (tp(ab/A)) < U\tp(a/bA)) ® U p (tp(b/A)) 

Proof. See |WagOO| theorem 5.1.6. □ 

Finally, we want to give an alternative definition of U^-rank which is closer 
to the work in hyperimaginaries and because of this it will prove very useful 
when comparing our and the usual SU-rank in supersimple theories. 

Definition 4.3. We define the U p -rank on types inductively as follows. Let 
p(x) be a type over some set A. Then, 

(1) U p (p(x)) > if p(x) is consistent. 

(2) For any ordinal a, U p (p(x)) > a + 1 if there is some p(x,a) and 
some set B D A such that 

• p(x, a) D p(x). 

• U p (p(x,a')) > a for any a 1 \= tp(a/B) andtp(a/B) non-algebraic. 

• There is a k € N such that for any distinct 0,1,0% ... ,a,k \= 
tp{a/B), Ui=iP( x ) a i) * s a p-forking extension ofp(x,ai) 7 . 

(3) For any A limit ordinal, p(x) > A if p{x) > a for all a < A 

The main part of proving the two definitions are equivalent is the following 
lemma, which in itself is a weak amalgamation for b-independent extensions 
of a given type. It is far away, however, from the Independence Theorem that 
characterizes simple theories. As mentioned in the introduction, in chapter 
4 we will talk about which of these amalgamation theorems can be true in a 
general rosy theory. 

Lemma 4.1.9. Let A,B be supersets of some set C such that A ^^B. Let 
PA and pb be non-p-forking extensions to A and B of the same type p over 
C . Then there is some B' \= tp(B/C), B' ^ A such that ps 1 ^PA does not 
p-fork over C . 

Proof. Let a, b be two elements such that a \= pa and b \= pb- By hypothesis, 
a J^jj, A and b B. Since a and b satisfy the same type over C, there is an 
automorphism a fixing C such that a(b) = a; let B" := a(B) so a^J^B". 
Using symmetry and extension, we can find some B' \= tp(B" /Ca) such that 
B' Aa (so in particular a \= pb> and B' J_^A). Using transitivity and 
symmetry once more we get a CB' and by transitivity a AB' . 

By construction, B' (= tp(B/C) and B' J^ji, A. Finally, a \= pa Ups' and 
aA\} r AB>. □ 



If \Ji = iP(x,ai) is inconsistent it is considered to be a b-forking extension of p(x,ai) 
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Claim 4.1.10. For any complete type p, 

uKp) = Ut(p). 

Proof. We will prove that for any complete type p, XP(p) > U|(p) and 
U*>(p) < U£(p). 

To prove that ^(p) > U£(p) we will prove that for any ordinal a, U^(p) > 
a implies U|(p) > a. For a = and or when a is a limit ordinal, the 
induction follows from the definitions; the successor case follows from remark 

EH 

As for the other direction, we need to prove that 

(1) if U*?(p) > a then \fi(p) > a. 

We will again do an induction on a. For a = or a a limit ordinal the in- 
duction is immediate. For the successor case, let us assume that (2.1) is true 
for all a < a and that u£(p) > a + 1. By definition we can find some a and 
some B D A such that p(x,a) is an extension of p(x), XJ%(p(x, a)) > a and 
there is some k such that for any a\,Cb2, ■ ■ ■ aj, \= tp(a/B), V% (Li!? =1 p(x, Oj)) < 
Uj(p(x, a)). If p(x,a) b-forks over A we get the conclusion of the claim by 
definition of U^-rank (after extending the types so we get p-division without 
changing the ranks). We will show that this is the only possible case. 

Suppose that p(x, a) does not b-fork over A. Let p(x, a, B) be a non-b- 
forking extension of p(x, a) to Ba. Since b-forking is preserved by automor- 
phisms, we know that for any a' \= tp(a/B) p(x,a',B) is a non-p-forking 
extension of p(x, a') and 

p(x, a , B) \ B = p(x, a, B) \ B := p(x, B). 

Given any such a', p(x, a', B) does not b-fork over A by transitivity and by 
monotonicity p(x, a' , B) is a non-b-forking extension of p(x, B). 

Now, applying lemma lT.l.fll A: times, we can find a sequence < a±, 02, . . . , > 
with a = a\ such that for any i < k, ai \= tp(a/B) and for all i,j,i 7^ j, 
a i ^L^B a j an< ^ uf =1 p(x, B) is a non-b-forking extension of p(x,B). But 
restricting to Aa~i we get that U^ =1 p(x, Oj) is a non-b-forking extension of 
p(x) and therefore a non-b-forking extension of p(x, a%), a contradiction. 

□ 

5. i>-forking in Simple and O-minimal Theories 

In this chapter we will look at theories for which independence notions 
have been studied by other authors. In particular, we are interested in 
analyzing the behavior of b-forking inside simple and o-minimal theories 
which are, as we mentioned in the introduction, the two classes of theories 
where the independence notion has been a main tool for the development of 
the respective theories. 
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5.1. Simple and Stable cases. Given any theory, it is clear by the defini- 
tion of p-forking that any formula which p-divides over some set A b-forks 
over A; Also by definition, for any type p(x), any two sets of formulae A, 
II and any k € N, b(p, A, II, k) < D(p, A, k). So all simple theories are rosy 
theories and b-forking is a stronger notion than forking in the sense that for 
any sets A, B, C, A B => A B. As for the converse, we will prove 
in this section that in all known examples of simple theories the two notions 
agree. In fact we prove that the two notions being equal is implied by the 
(strong) stable forking conjecture. 

5.1.1. p- forking inside stable theories. We will prove that in a stable theory 
b-forking and forking are the same. The following theorem will be the key 
to our proof. 

Theorem 5.1.1. Inside a stable theory T, if a type p forks over A, then 
there is a non-forking extension q of p, a formula S and a non-algebraic type 
ir (in C eq ) such that {5 (x, a)} al _ w is k -inconsistent and 5 (x, a) € q for some 
a \= tt. 

Proof. Let <fi (x, bo) be a formula implied by p which divides over A, and 
let {(j)(x,bi)} be the set of ^-inconsistent formulas which witness the di- 
viding, with (bi) an A indiscernible sequence. Since we are working inside 
a stable theory, we can assume k = 2. Let $(x,y) = {(f)(x,y), x = y} , 
TTl = tp (b / A) . 

Since we are only looking for a non-forking extension of p, we can assume 
p to be a complete type in S(acl(A)) so that (R,d)$ (p) = (a, 1). Let 4>o be 
a $ formula in p with the same $-rank and degree as p. Then <f>$ A (p (x, bo) 
we be an ^4-dividing ^-formula such that (R,d)$(p) = (R,d)$(4>i); we can 
assume that (R,d)$(p) = (R,d)$((j>(x,bo)). 

To complete the proof we will need some sort of pre-p-dividing in a de- 
finable class of formulas in p (or in a non- forking extension). We suspect 
this may have been done in the theory of canonical bases in stability theory. 
However, we were not able to find a statement in the literature with exactly 
the properties we needed so we will prove the following claim. 

Claim 5.1.2. Let p be a type in S(Abo) such that (R,d)$ (p) = (a, I) . Let 

(j)(x,bo) G p such that (R,d)$(cj)(x,bo)) = (R,d)$(p) . Then we can find 
formula rj (x, [b]) and a type q such that 

(1) 7](x,[b]) belongs to p(x,bo), 

(2) R*(r}(x,[b])) = <*, 

(3) For any [a], [b] such that [a] , [b] |= q and [a] ^ [b], 

R* (p(x) U ( V (x, [b]) A V {x, [a]))) < R* (p) . 

If, besides, there is an infinite sequence (bi) of elements satisfying tp(bo/A) 
such that {(j)(x,bi)} is 2-inconsistent, then tp([b] /A) is non-algebraic. 
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Proof. As in (see [Zie98j 2.2), given two definable classes F and G, we define 

(2) F C$, a G if R$(¥\G) < a 
and 

(3) F =$ ;Q G if i?$(FAG) < a. 

Given formulas ipi(x), -02 ( x ), we will abbreviate ^i(C) C<j> iQ -02(C) byV'i(^) C$ jQ 
■02 (a?) - 

Let 0' be the formula (x, y) with variable y and parameters in x. Let ir(y) 
be tp(bo/A). For any 6 |= 7r, let ip (&> 2/) be the definition of p U {0 (x, b)} 
(which is a 0' -formula over Ab). Then \= ip(b, c) if and only if (x, b) C$, a 
0(x,c), for any c. By using an automorphism between b and any other 
a \= ir, we know that -0a (y) = "0 ( a > 2/) • Let 

£?1 (z,y) := V (z,y) 

For any a \= it, the ^-degree of (x, a) is 1 so 

tp(a,b) -<=>■ 4> (x, b) C<j> jQ ^ (x, a) 

<^=^ (0 (x, b) A -i0 (x, a)) < a 

i?$ (0 (x, b) A (p (x, a)) = a 

-4=^ i?$ (-10 (x, b) A (x, a)) < a 

^=^> -0(&,a) 

(x, a) =$ iQ (x, 6) 

So 7r (z) A ir (y) h "£i is an equivalence relation " and there is some finite 
7Q C ir such that 7Pl (z) A 7Ti (y) A E\ (z,y) is an equivalence relation E 2 . 
However, we may have more points than we want in each equivalence class 
so we restrict it a bit more by finding a finite ir 2 C it such that for some (and 
because ir is a complete type over A for all) b (= ir, 

(R, d)^ (ir 2 (y) U {E 2 (b, y)}) = (R, d)^ (ir(y) U {E 2 (b, y)}) . 

Let 

E(z, y) := ir 2 (z) A ir 2 (y) A E 2 {z, y) . 
E{z, y) is contained in ir (z) A ir (y) A E (z, y) so for any a, b \= ir 

(4) E(a,b) Ei(a,b) <=^> (-10 (x, a) A (x, 6)) < a 

and, by additivity of i?$-rank in stable theories, 

(5) -^E(a,b)^> ^£i(a,6)=> i?$ (0 (x, a) A (x, b)) < a; 

let [b] be the E'-equivalence class of b. 

We will now work with generic points to make calculations easier. Let 
b satisfy a non-forking extension of tp{po/A [bo]) such that b ^, A ^ bo. Let 

c |= p (x, bo) such that b c. 

Let r](x) be the 0' definition of tp(b/Abo) (and because tp(b/Abo) is a 
non-forking extension of tp (b/A [bo]) all the parameters of r/ are in ocZ(A[6o]) 
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so rj = rj(x,[bo\) is over acl(A[bo])). In particular, we know that b \= 
tp (bo/ A [bo]), c \= p (x, bo) and ip (bo, y) € tp (b/Abo) ■ It follows that rj (x, [bo]) € 
p (see [Pil96j lemma 2.8). 

We can now prove that such rj(x, [bo]) satisfies condition 3. Suppose not 
and let [b] ^ [a] such that R$ (p(x) U (rj(x, [b]) A rj(x, [a]))) = a. We extend 
p(x) to a non-forking type p'(x) over a model M. 

Let a',b' be elements in [a] and [6] respectively such that a' J^a]^4 and 

6' J^j 6] A Let c |= p(x) U (r/(x, [6]) A r)(x, [a])) such that c J^ M aV; such c 

satisfies the ft definition of tp(a'/A[a]) and tp(b'/A[b]). By |Pil9fi| 2.8 again 
and non- forking, both b',a' \= 0(c, y). But [6'] = [b] ^ [a] = [a'] so 6' a'. 
By definition, 

(R, d)$ (4> (x, b') A 4> [%, a') ) < (a, 1) 

which contradicts c I ,„a!V , 

Finally, if is an infinite sequence of elements satisfying tt such that 
(x, bi)} is 2-inconsistent, then each 6« in the sequence belongs to a different 

class [bi] which proves the last statement of the claim. □ 

We can prove the theorem using lemma H. 1.91 and a careful induction on 
the ranks. However, this proof may not work in the general context of simple 
theories with stable forking conjecture and it does not provide a specific p- 
forking formula which is always nice to have. We give a different proof which, 
even though it is more technical, provides an algorithm to construct the p- 
dividing formula and it is a good insight of what happens, for example, in 
algebraically closed fields. 

We know that rj (x, [bo]) in the claim forks over A so there must be some 
formula in the ry-type of p (x, bo) \ act (A [bo]) which divides over A. We can 
take this new formula instead of cj> (x, bo) in the statement of the theorem 
and assume that cj) (x, b) itself satisfies the conclusion of the claim or that 
rj (x, [bo]) is a ^-formula. 

Given any two (3,d G N, the statement "There is an infinite subfamily 
I of bi \= tt such that (R, d)§ {4> (x, bi)} b . eI > (j3,d) v is type definable. If 
{4> (x, &)};,|=tp(6 /A) i s n °t ^-inconsistent there is an infinite subfamily which is 
consistent. Let (f3i,d\) be the maximal $-rank and -degree that an infinite 
subfamily of {(j)(x, &)}b|=tp(6 / J 4) can achieve 8 . Let B be an infinite set of 
elements in tp(bo/A) such that 

R*({<l>(x,l/)} VeB )=(p 1 ,di). 

By using an automorphism we can assume that this set includes <j)(x, bo). 
Note that by the previous claim (5\ must be less than a. 

8 So that for any infinite subfamily /' of {b | 6 \= tp(b /A)} , 
(R,d)$ I [J OM)} ) < (ft, di). 
Such a maximum exists by compactness 
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The rest of the proof will consist of narrowing down the set of sentences 
we will consider, and maybe working with non-forking extensions. 

We will define a sequence of formulas {6i (x)} inductively. Let 0i(x, b) = 
0(x, b), qi be {(f>(x, b)} beB so (R, d)$ (ft) = (ft, di) . 

By the local property of the rank, there is a finite conjunction of (ft (x, bi) 6 
qi (which we will call 9\) such that (R, d)$ (9i) = (R, d)$ (ft); so for any 6j, 

01 (x, bi)f\9\ is a forking extension of 0i (x, bi). By extension, p (x, bi)U{->0i} 
is a non-forking extension P2 {x,bf) of p(x,bi) . Let 77 (x) be a non-forking 
extension of 9\ to a model M and let 7(7/) be its (^-definition. By compactness 
we can assume B is very big (big enough to use Erdos-Rado), and by Erdos- 
Rado we can also assume it contains some infinite M-indiscernible subset 
< bj >j<=j (as usual we can get bj = bo). For all j G J let 02 (x,b^j = 

(ft (x, bj) A (x) which is consistent (and in fact a non- forking extension of 
4>(x,bj)) for all j G J. 

Recall that qi(x) had the same <3? rank and degree as 9\ so that bj Q = bo \= 
7(y). We will say that bf \= 7(2/) whenever the projection bj \= j(y). 

Let 7T2 = tp (6q/M) U 7(2/). This type is satisfied by all the bf's and is 
therefore non algebraic. 

For any infinite subfamily s(x) of {02 { x >bj)} b 2i_ , we know that s(x) is 

of the form {(ft (x, bj)} i6 jU{-i0i(x)} where J is some index set such that bi \= 
tp{bo/M) for any i £ J. By maximality of (R, d)$(q±) we have (R,d)$ (r) < 
(ft,di). If {02 (x, b\ ) } b 2^ =7T2 is not /c-inconsistent for any k, we can once 

more find some consistent subset I2 C ^(C) such that {/\ iG j 2 4>2{x,bf)') has 
maximum (R, d)$ in the lexicographical order; say (R, d) (/\i£i 2 ^ 2 ( x ' )) = 
(ft,d 2 ) < (ft,di). 

Recall that for i € I2, bf |= 7(2/) (the definition of 9\) so 

(i?, d)* ({0(x, bi)} ieh U 0i (x)) = (ft, 4) 

for some 0(3. If ft = ft we get, using the fact that 9\ is a ^-formula, that 

deg$ ({0 (x, &i)} ig/2 ) = deg.j, ({0 2 (x, & t ? )} ieJ2 ) + deg.j, ({0 (x, 6;)} ieJ2 U 9 1 

=4> d\ > d 2 + d 3 
=> d 2 < di. 

So (ft,^) <' e:E (ft,di). Let 52 = {0(^, ^i)}j e / 2 an d $2 be a conjunction of 

02 (x,6?) with the same <E>-rank, degree as 52 ■ 

We can repeat the above construction as long as 

{0 n (x,6")} brHrn 

is not /c-inconsistent for any k; by doing this we would get a sequence 
{(R,d)$ (9i)) i<n which is strictly decreasing in the lexicographical order. 
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Since both the <3? rank and degrees are ordinals (and therefore well or- 
dered) at some point we must get some TV such that {(f>N (x,b^)} bN > 

is /c-inconsistent and by construction, such 4>n (x, b$) would belong to a 
non-forking extension of p (x, bo) . □ 

Corollary (to the proof). If in some model of a simple theory, some type 
p has a stable formula which forks over A, then there is a non-forking ex- 
tension q of p, a stable formula S and a type tt such that {5 (x, a)} | =7r is 
k -inconsistent and 5 (x, a) € q for some a \= tt 

Proof. If (ft is stable, then so is the formula r\ defined in the claim (it is 
equivalent to a conjunction of 5 formulas) and so are all the formulas defined 
in the rest of the proof. □ 

Definition 5.1. A theory T has the strong stable forking property if when- 
ever p is a type over some B subset of C and p forks over a set A (not 
necessarily contained in B), then this is witnessed by some instance of a 
stable formula in p. We will say that T satisfies the weak stable forking 
property if we require B to be a model of T and A to be a subset of B. 

Corollary 5.1.3. In any stable theory T , if M \= T is a model of T, A 
is a subset of M , q € S(M) is a complete type and p = q \ A, then q is 
a non-forking extension of p if and only if it is a non-p-forking extension. 
In fact, this conclusion is true for any simple theory T for which the strong 
stable forking property holds 9 (which includes all known examples of simple 
theories). 

Proof. The left to right implication is immediate since p-forking is a stronger 
notion than forking. For the other side, if q forked over A there would be 
some r (x, b') a non-forking extension of q, a formula 5 and a non-algebraic 
type 7r such that {<5 (x, 6)} & i w is ^-inconsistent, b' \= tt, 5(x,b') G r(x,b'). 
Let {bi} i&N be an infinite set of ^4-conjugates of b' . By monotonicity, 

b (p (x) A 5 (x, bi) ,8,ir,k) > b (r (x, 6j) , 5, tt, k) . 

Conjugating over A we get b(r (x, b') , 5, tt, k) =b(r (x, bi) , 5, tt, k). By defi- 
nition, 

\)(p,5,TT,k) >b(r ( X ,b') ,S,7T,k) +1. 

But any non-forking extension is a non-b-forking extension so 
b (r (x, b') ,S,TT,k) = b (q, 5, tt, k) 

so 

\>(p,5,TT,k) < b (q, S, tt, k) . 

□ 



Even though the proof is done assuming the strong stable forking property, we think 
the weak stable forking conjecture might be enough. 
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5.1.2. Supersimple theories. In this section we shall prove that for super- 
simple theories the forking relation is equivalent to the b-forking one. It is 
clear that for any type p, U(p) > U^(p); so in supersimple theories both the 
U and the are defined and they both characterize forking and b-forking 
respectively. Therefore, it is enough to prove the inequality assuming both 
these ranks are ordinal valued. 

Theorem 5.1.4. For any type p 

U(p) = U*(p) 

Proof. The U-rank is always bigger than the U^-rank and we proved the 
equivalence between u£ and U^ 5 , so it is enough to show that for any ordinal 
a and any type p, 

U(p) = a => U£(p) > a. 

We will do an induction on U(p). For a = or a limit ordinal it is clear. 
Let us assume then that U(p) = a = a + 1 and that for any A < a and 
any type p, U(p) = A =>■ U%(p) > A. But U(p) > Ug(p) so our induction 
hypothesis is equivalent to U(p) = A => Uj(p) = A. 

Let p be a type over some set A such that U(p) = cr + 1. By definition, 
we can extend p to some type q(x, C) over C D A such that U(g) = a and 
g forks over A. Let a' be the canonical base of q over A w and let a') = 
q ] Aa' . Now, by elimination of hyperimaginaries in supersimple theories 
(see |BPW 01j). we can assume a' is a tuple in the model; by definition of the 
canonical base we know that for any two a\, \= tp(a'/A), p(x, ai)\Jp(x, 02) 
is a forking extension of p(x, a\) and by |Kim96j theorem 3.3.6 we have that 
q(x) does not fork over Aa' . Now, in supersimple theories this translates 
into the following statement. For any 0,1,02 \= tp(a'/A), 

a = \J(q) = U (p(x, a{)) > U (p(x, a\) U p(x, a 2 )) • 

By induction hypothesis, 

a = \]\ (p(x, 01)) > (p(x, ax) U p(x, a 2 )) . 

By definition of the we get U*?(p) > a + 1 = U(p) > \fi(p) = U^(p). So 
US(p)=<T+l = U(p). □ 

5.2. O-minimal: We shall prove that in o-minimal theories the global 
rank is defined and equal to the usual dimension. This will prove that 
is precisely the usual independence relation. Let M be the model of some 
o-minimal theory. 

Claim 5.2.1. For any definable A C M k , if dim(A) = n then U*(A) < n 



The construction of such hyperimaginary would be made by defining an equivalence 
relation just for extensions of p(x) (looking at A as a fixed set of parameters). We might 
have to extend p(x) to a type over a model containing A, but all this can be done by the 
extension and transitivity properties. 
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Proof. Suppose otherwise and let i be the smallest integer such that there is a 
definable A, dim(^4) = i and U^(^4) > let A be definable over some finite 
set B by some formula cf>, and let A C M k . We can then find some "generic" 
point (in the sense of the U^-rank) a G A such that U' 3 (tp(a/B)) > i+1. By 
minimality of i, dim(tp(a/B)) > i (otherwise we could find some definable 
subset contained in A for which a is dimension- generic) . By the theory of 
o- minimal sets (see [ydDPSp there is some open subset A' with a G A' C A 
such that we can find a projection from M k to M % which is a definable 
homomorphism from A' into some open subset of M l . But we know that 
\J^(A') > i + 1 and dim(A') = i, both of which are preserved by definable 
homomorphisms so we may assume that A C M l . 

By definition of the U^-rank, there is some formula 5(x,y), an element 60 
and some C D B such that 

• tp(bo/C) is non algebraic 

• (tp(a/B) U 5{x, 6 )) > i and 

• {S(x, ^Olfe'^tp^o/C) i s ^-inconsistent. 

We will first do the case where i = 1. Let (bi) i&i be some indiscernible 
sequence in tp{b /C) and A,- be the set defined by 5(x,bj). By hypothesis 
U^iAj) = 1 and Aj C M 1 so all of the A ,'s are infinite subsets of an o- 
minimal model. By definition of o-minimality, each of the A, 's must contain 
an interval. We could therefore (uniformly) define A'- as the first interval 
contained in Aj and we can define the subset X C M consisting of left 
endpoints of the A'-. By ^-inconsistency, this set cannot contain an interval 
and it must be infinite (not more than ft — 1 of the Aj 's can have the same 
left endpoint) contradicting o-minimality. 

For a general i, note that by minimality of i we have that dim((/>(x) A 
5(x,b')) > i for any b' \= tp(b/C). But it is a definable subset of M % so the 
projection to each of the coordinates must be infinite and definable. Taking 
the projection to the first coordinate 

c/>o(xo, b) ■= 3x(j)(x) A 5(x, b') A vro(x) = xq 

we have a definable set in M 1 so by the i = 1 case the set of formulas 
{<^o(^0) ^')}b'^tp(6o/C) cannot be ft-inconsistent. By definition of fc-inconsistency 
we can find an infinite subsequence (bj) - £j of {b'}{,'\=t p (b /B) such that 

f\4>o{x ,bi) 

h 

is consistent; say it is realized by ao. Let qo(y) be the (non algebraic) type 
tp(bo/B) U {4>o(ao, y)} and consider {5(x, £/)}6'H?o- ^ e re P ea t the procedure 
with each of the projections (we always get non algebraic types) and induc- 
tively define a point in M l a := (ao, . . . , aj_i) which realizes infinitely many 
of the o*(x,6')'s, contradicting ft-inconsistency. □ 

The other inequality is much easier. If A C M k and dim(^4) = n then 
there is some open subset A' of A and a definable projection 7r from M k to 



26 



ALF ANGEL ONSHUUS 



M n such that A' gets sent to an open subset U of M n and tt : A' — > f/ is 
a homomorphism. Thus, dim(C7) = n. This implies that the projection to 
each of its coordinates is infinite, but Xj = a is clearly a p-forking formula 
for any i < n which proves XJ^(U) > n so U^(A') > n. By monotonicity of 
the rank, \^{A) > n. 
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